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ABSTRACT. Let © be a nonarchimedean local field, G the group of Q-points of a
connected reductive algebraic group defined over . This paper establishes that to
each zero of the Plancherel measure of G one can associate complementary series.
Our result is the analogue for p-adic groups of a similar statement, announced
separately by Knapp-Stein and Harish-Chandra, for real groups.

Let @ be a nonarchimedean local field. Let G be the group of Q-points of a
connected reductive algebraic group G which is defined over .

In this note we shall prove that one can associate complementary series for G to
any zero of the Plancherel measure (cf. Theorem 3.5). Analogous results for real
groups have been announced by Harish-Chandra [2a, Theorem 13] and by Knapp-
Stein [3, Theorem 4]. Other authors [1], [4], [5] have established the existence of
complementary series for p-adic groups in special cases.

In further papers of this series we expect to generalize the “standard” facts
presented here, and to study the complementary series which may be associated to
nontempered unitary representations.

1. Preliminaries. This paper applies and extends Harish-Chandra’s theory of
induced representations for p-adic groups. Although we briefly review notation and
terminology, we depend upon [2b] and [6] for essential facts and ideas used here.

We shall refer to algebraic groups defined over 2 by boldfaced capital letters and
to the corresponding groups of Q-points by the same capital letter in ordinary type.
Vector spaces over the complex numbers are denoted by German capital letters.

We fix a minimal p-pair (Py, Ag) (P, = MyN,) of G and an A4,-good maximal
compact subgroup K of G [6, §0.6]. We assume that all Haar measures on
subgroups of G are normalized relative to K (cf. [6, §0.6]). Unless otherwise
indicated, all measures on groups will be (left) Haar measures, normalized as above
or, if the group is compact, such that the total measure is one.

Let A be a standard torus of G. We write ®(A) for the set of parabolic
subgroups of G which have A as a split component. To each P € PA)P= MN)
there corresponds a unique “opposite” P € P (A) (P = MN) such that PN P =
M.

Received by the editors July 2, 1979.

AMS (MOS) subject classifications (1970). Primary 22E50.

Key words and phrases. Complementary series, unitary representations, induced representations.
'Research partially supported by the National Science Foundation.

© 1980 American Mathematical Society
0002-9947/80/0000-0266/$03.50

589



590 A. J. SILBERGER

For any P € 9 (A) (P = MN) we write §, for the modular function of P. Using
the Iwasawa decomposition G = KP, we set 8,(8) = 0,(p) (g =kp, k EK,p €
P).

Letting X(4) denote the group of rational characters of the torus A, we write
a* = X(4)®R, af =a*®C, and a = Hom(X(4), Z) ® R. We identify X(4)
with a lattice in a*. There is a “log mapping” H: M — a which sends M to a lattice
in a [6, §0.4). We also set Hp(g) = H(m) for g = kmn (k € K, m € M, n € N),
P € ?(A).

We write S(P, A) (respectively, =,(P, A), %P, A)) to denote the set of positive
A-roots (respectively, reduced positive A-roots, simple A-roots) corresponding to
P € 9 (A)[6, §0.5].

Let = denote a prime element of 2. Write | | to denote the absolute value on £
and set ¢ = |7~ !|. Then there is a unique bilinear form {, > on a* X a such that
log,|x(a)] = <{x, H(a)) for all x € X(4) and a € 4.

For every v=v»,+ V—1v»,€Ea¢ (y,7,E0a*) set v=» —V—1v», and
(v, H(m)y = (v, Hm)y + V= 1 (v, Him)) (m € M),

We write &c(M) (respectively, &(M)) for the set of classes of irreducible
admissible (respectively, irreducible admissible unitary) representations of M. We
write &,(M) for the subset of & (M) consisting of all discrete series classes.

To each » € af (respectively, a*) there corresponds a quasi-character (respec-
tively, character) x, of M such that

x(m) = g/~ 1< HED> (e M).

Forany o € w € &c(M) and v € ad we write w, for the class of ¢ ® x, = o,.

Let W = W(G/A) denote the factor group normalizer of A divided by cen-
tralizer of A. For any ¢ € w € &c(M) and representative y € G of s € W set
o’(ymy~") = o(m) (m € M). The class of the representation ¢” depends only
upon s; we denote it w*. We write W(w) for the subgroup of W consisting of all s
such that 0’ = w.

For any admissible representation o of M in a vector space 1 we have the space
U~ of smooth linear functionals on U1 and the contragredient representation ¢~ of M
on U". There is a nondegenerate bilinear form { , > on "X U. Any function on M
of the form x b {u", o(x)u) (v € U, u” €) is called a matrix coefficient of 0. We
write @ (o) (or @ (w), if w denotes the class of o) for the vector space spanned by the
set of matrix coefficients of o.

Given an admissible representation ¢ of M in a vector space U, we write End’(11)
for the space of all double K-finite endomorphisms of 11 [6, §1.11]. For any pair
u € U, " €W, we define T = u ® u”€End’() by setting Tu, = {u", u,>u for any
u, € U. Extending by linearity, we obtain a canonical isomorphism of U1 ® U" onto
End’(11).

Since every element of End®(11) has finite rank, and therefore a trace, it follows
that, whenever U has the structure of a prehilbert space, End’(1) does too:
|IT|?> = trace(TT*) for every T € End°(l) (T* denotes the adjoint of T).

Let C°(M) denote the space of locally constant complex-valued functions on
M, C>(M) the subspace consisting of the compactly supported functions. Then
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C. (M) is a convolution algebra on the unimodular group M. For any admissible
representation ¢ of M, setting o(f) = [,, f(m)o(m)dm (f € C°(M)) defines a
homomorphism of the algebra C*(M) into End®(1).

Let (B, 7) be a smooth unitary double representation of K which satisfies
associativity conditions [6, §1.12]. Let 7,, denote the restriction of 7 to K N M.
Given P,, P, € ?(A) (P, = MN,, i = 1, 2), we write B p, for the set of all v € B
such that (n)or(ny) = v (0, € N, N K, i = 1,2). Then By p is 7p-stable. We
write 7p p, for the double representation of K N M on By ..

We write C(G, 1) for the space of all B-valued functions f on G such that
Sk, gky) = 7(k)f(g)7(ky) (ky, k, € K, g € G), C(G, 1) for the subspace of
C(G, 1) consisting of the compactly supported functions. Since B is a selfadjoint
algebra, C,(G, 7) has a natural structure of selfadjoint convolution algebra on G.
Writing v* for the adjoint of v € B, we set a”(x) = a(x~")* and call a” the adjoint
of a € C,(G, 7). Of course, the convolution products a+f and fe«a exist for any
f € C(G, 7)and a € C/G, 7).

We also have the spaces C(M, 1,,) and C.(M, 7,,) associated to M and (B, 7,,)
with the same properties. We write C(M, 7pp) for the subspace of C(M, 7))
associated to (Bp p, 7p,p) P, P, € %?(A)). For any a € C,(G, 7) and P € ?(A)
(P = MN) set

aP(m) = 8}/%(m) fNa(mn) dm  (m € M).

Then a— af is an algebra homomorphism of C,(G, 1) to C.(M, 7pip) [6, Lemma
2.7.5]. We also have (a")* = (a®)”[6, Lemma 2.7.9].
For any admissible representation ¢ of M and P,, P, € ¥ (A) we write
@(0, TPIIPZ) = (@(0) ® %Pllpz) N C(M, TP‘IPI).

The space @(o, 7pp) is a left module for C(M, 75 ) and a right module for
C(M, 7pp)
We shall need the double representation (B°, 7%, where B° = C*(K X K) and,
for any v € B°,
O(k)o(l, : )Tk = o(iky s koly) (Ko € K, i = 1,2).
We set v*(k, : k) = o(k; ' : k") (ky, ky € K, v € 8% and

0, oy(ky : ky) =fKo,(k, ‘Do(I7' k) dl (k€K 0 €Bi=1,2),

ol = [ Jotk, : ko)[* dikydky

For any f € C®(G) we set f(k, : g : k,) = f(k,gk) (k;, k, € K, g € G). The
mapping j: f f is a bijection of C*(G) onto C(G, %), C=(G) onto C,(G, 7%, and
@(7) onto @(m, 7°) for any admissible representation 7 of G. We have j(f, * f,) =
f, » f, whenever either product exists.

Let o be an admissible representation of M in a vector space I. Regarding o as a
representation of P, P € ?(A), we write I(P, o) for the representation of G by
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right translations in the space $(P) = (P, o) which consists of all smooth U-val-
ued functions A(g) on G such that h(pg) = 8/%(p)o(p)h(g), (p € P, g € G).
Write I(P, w) for the class of I(P, o).

Let 0 € w € &(M) and let (B, 7) be a double representation of K as above. Let
P € 9(A) (P = MN). For any y € @(w, 7pp) andx = kmn € G (k € K, m € M,
n € N), we set Y(x) = 7(k)y(m). For any » € a¢ and g € G Harish-Chandra
defines the “Eisenstein integral”

EP:y:v:g)=EP:yx, :8)

= J $(gR)(k™)g" =T R0 2 xk) dk.

Then E(P : ¢ : v) € @(I(P, w,), 7) [6, Corollary 5.2.2.5].
If w € &,(M), then I(P, 0,) is tempered for all » € a*. For any P,, P, € ¥ (A)
we have the weak constant term

wEP,(Pl iy iv) = 2 cp,|p,(s D0 V)X,
SEW

where the mapping
cpyp (51w v): @(w, 7pp) > @(w°, Tp5)

is, for every s € W, a meromorphic function on a& which is almost everywhere
bijective. With respect to the norm ||[¢|?> = [,, /4 l¥(x)|3 dx*, cpyp (s : @ :¥) has
an adjoint cp p (s : w : »)*. Moreover, there exists a meromorphic scalar-valued
function p(w : ») (v € a), which is holomorphic and assumes nonnegative real
values on a*, such that cp p (s : @ : P)*w(w : ¥) and cp p (s : @ : ») are inverses of
one another wherever both are defined.

For any P € P (A), » € a, and ¢ € @(w, 7p5) Harish-Chandra also defines (as
a meromorphic function)

E%P:¢:»)=E(P:cpp(l:w:v)"'¢:)
and operators

cwiv) =c, cw RS
Cg,w,(s twiv) = cpﬂp](S tw: v)c,.llpl(l twiv)

(s € W, P, P, € ?(A)) such that
wEI(’)zlP.(Pl tpiy) = 2 ng|p|(s tw r)tpx"
SEW

The c’functions are holomorphic and unitary on a* ([2b, §12] or [6, §5.3.5]). The
various functional equations satisfied by the c-functions and c’-functions are given
in [2b, §12], assuming w supercuspidal, and proved for all € &,(M) in [6, §5.3.5].

2. Two lemmas relating the c-functions to intertwining operators. Let A be a
standard torus of G, M the centralizer of A. Let ¢ € w € &,(M). Let (B, 7) denote
a smooth unitary double representation of K which satisfies the conditions of [6,
§1.12].
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LEMMA 2.1. Let P, P, € P(A) and s € W. Let o, € C(G,7) and ¢ €
@(w, 7p,p )- Then

a2 e(cpyp (s 1 @ )BT = Xupyp (s 1 @ 1 9)(xo,(aPiayx e B7))
Jor all v € af such that the c-function is defined.

Proor. It suffices to check this relation on an A-dense subset of ag, i.e., take w,
such that W(w,) is trivial. The general statement follows via analytic continuation.
Using [6, Lemmas 5.2.2.1-5.2.2.3], we have

a*xE(P :y:v)*B=E(P :al yx, = D).
Therefore,

(asE(Py 1y : 9)#B)p,s = XnCpyp,(s : @ 1 9)(x_ (a sy, #B7)).
On the other hand, by [6, Lemma 2.7.6 and §3.1],

(a*E(P, : ¢ : ")*B)P,,s =afzs Epz,s(Pl 1Y) BF’~
M M

The lemma follows by substitution.

Let ¢ act in a prehilbert space U. Set ¢° = ¢|K N M, and assume that ¢° is
unitary. Let I° denote the unitary admissible representation of K by right transla-
tions in the prehilbert space § consisting of all locally constant l1-valued functions
on K such that h(mk) = o%(m)h(k) (m € M N K, k € K). For any P € 9 (A)
(P = MN) let $(P) denote the subspace of & consisting of all left (N N K)-
invariant functions, let F(P) denote the projection of © on $(P) and let I°(P)
denote the representation I° on $(P). Let § denote End%($); for any P, P, €
P (A) set T(P,|Py) = F(P)IF(P,).

Since I°(P) is equivalent to I(P, 0,)|K for any » € a& and P € ¥ (A), we may
regard I(P, 0,) as acting in $(P). For each » € a¢ we have the algebra homomor-
phism a - I(P, o,)(a) from C°(G) to I (P|P).

Since the algebra J is isomorphic to § ® &, it follows that, for every T € J,
there is a locally constant kernel k;: K X K — End(11) such that

Th(k) = fo,(k DRI~ Y dl (k€ D).

We set

Yr(k, : m: ky) = trace(o(m)r(ky : k;)) (m € M, k, k, € K)
for every T € 9. The mapping T+ y, defines a bijection of I on @(w, 75) [6,
Lemma 5.2.1.3]. For any P,,P, € (A) and T € J(P,|P), Yy € @(w, 75 p)-
Given a € C°(G) and T € J(P,|P,), we have, by [6, Lemma 5.2.4.1],

Py, = Yr1(p, o)) a0d Yrrah? = Yi(Pyo)(a)T>

(«'(x) = a(x~") for all x € G). Since w € &,(M), @(w, 75 is both an algebra and
a prehilbert space. Sending T > y;,. induces both an anti-isomorphism of algebras
and a unitary isomorphism of the prehilbert spaces (cf. [6, Lemma 5.2.4.1)).
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Explicitly, we have || T|?> = d(w)™"fp/4ll¥1(%)||Z0 dx* for any T € J (d(w) de-
notes the formal degree of w relative to the normalized Haar measures).

Now fix P,, P, € ?(A) and s € W(«w). Define c(s : »): T(P,|P,) > T(P,|P,) by
setting cp p (5 : @ : V)Wr = Y(syr) fOr any T € T(P|P)).

LEMMA 2.2. Let a, B € C(G) and T € T(P,|P,). Then
I(P,, 0,)(B)e(s : »)(T)I(Py, 0,)(@) = c(s : »)(I(Py, 0,)( B)TI(P,, 0,)(a)).
ProoF. For any T € J(P,|P,) we have

P yrx, BT = X V1P o0 B TIP 0N
and

a” "Cp,|p,(s @ V)X, BT = XerVI(Pyr0, )(B)c(s:» X TPy, ')
Combining these relations with Lemma 2.1 completes the proof of the present
lemma.

3. The existence of complementary series. Let (P, A) (P = MN) be a semistan-
dard p-pair of G, (B, 7) as before. Let 0 € w € &,(M). For any s € W(G/A)
define a*(s) = {v € a*|sy = — »}.

LEMMA 3.1. Let s € W(w). The function p(w:v) is real valued for all v
€ V-1 a*(s).

PRrOOF. By [6, Theorem 5.3.5.2] (cf. [2b, Theorem 20]) the identity on &(w, Tp|P)
equals p(w : »)cpp(l : @ : ¥)cpp(l : @ : #)* for all » € ag. Taking adjoints, we find
that

w(w : v)epp(l: @i v)cpp(l: w: ¥)* = f(w: ¥)cpp(l : @ : P)cpp(l 1 w1 9)*,
which implies that p(w : #) = j(w : ») for all » € a& where these functions are
defined. If » € V-1 a*(s), then

ww:r) = pwow’: ) =p(o: —») = plw : »).

LEMMA 3.2. Let s € W(w), s> = 1, and v € V-1 a*(s). Then cQp(s : w:v) is a
selfadjoint operator on the prehilbert space &(w, 7p15) (¢f. 28, Lemma 19)).

PrOOF. Since s> = 1 and » € V-1 a*(s), the functional equations for the c’-
function imply that ¢Jp(s : @ : ¥) = cpp(s : @ : —»)~". Therefore,

Qp(s:wiv)=cpp(l:w: —p)cpp(s:w: —»)7!
- - - -\—1
= (p(w: P)epp(l: w: 7))(p(w : P)eppp(s : @ 2 7))
= (cpp(l : w: v)‘)-lc,,l,.(s twiv)*
= (c,.“,(s twiv)epp(lio: v)_')‘ = cgl,,(s tw )t
Now let s € W(w) be such that s> = 1. Assume that there exists a sequence of

reduced A-roots aj, ..., a such that the reflections s; = s, (i =1,...,r) with
respect to the hyperplanes a;”!(0) C a lie in W(w). Assume also that the factors
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g (w : ») of p(w: ») have zeroes at » =0 for all i=1,...,r. In this case, if
(A
s=s, ..., we call s w-complementary of length r.

For the remainder of the paper let s € W(w) be w-complementary of length
r> 1. Set C(») = (-1)cp|p(s : @ : ¥) (¥ € ad).

LeMMA 3.3. C(0) is the identity on @(w, Tp5)-

PROOF. Let s = s, . . . 5, be as above. By [6, Theorem 5.3.5.3.(2)}, [2b, Theorem
21(4)] we have
(s :w:v)=chp(s, w:s,_y - sp)epp(s,_ 1 wis,_y - SpP)

<o cpp(syrwiw).

It is sufficient to show that, for each i, c}’,l p(s; : w: 0) is minus the identity on
@(w, 7p)5)- For each i there exists Q; € ¥ (A) such that o; € Z%Q;, A). Since

cpp(s; i w:0) = cPo(1:w:0)cd (s : w:0)cgp(l:w:0)
and
Cglg(l LW O)ngp(l LW 0) = la(w,,r"’),

it is enough to show that c&|g(si : w : 0) is minus the identity on @ (w, 755)-

Let A, be the largest subtorus of A lying in the kernel of the root character o; and
let M; denote the centralizer of A;. Then M, is a connected reductive group and
(*P,, A), where *P, = Q, N M,, is a maximal p-pair of M,. By [6, Theorem
5.3.5.3(5)}, [2b, Theorem 18],

cQiolsiiw:v) = clpup(sitw: ") ecarreuq)

for all » € ag. It is enough to consider the case in which s is w-complementary of
length one and (P, A) is a maximal p-pair of G.

To check this case we recall that our hypotheses imply that, for any ¢ €
@(w, 7p 5); we have

WER(P : ¢ 1 v) = ¢x, + cpip(s 1 @ 1 )dX

which is a holomorphic function in some neighborhood of » = 0 in a¢ [6, Corollary
5.3.3.5). It is enough to show that ,EQ(P : ¢ : 0) = 0.

By the Maass-Selberg relations ([2b, Theorem 15] or [6, Theorem 5.2.4.4]) and
the hypothesis u(w : 0) = 0,

0P N T BOP - - vY = Tivn B P TS SN
E%P:4:0) lim E (P:¢:») E%E(P.cplp(l.w.v) $:)=0.
(e, p@:») 7 Ylcpp(l : @ : »)7'¢|1*> independent of » € a* (Maass-Selberg) and
p(w : 0) = 0 imply that lim,_ cpp(1 : @ : )~'¢ = 0. Clearly,

: ) R SR N S, el o) =

lim E(P: cpp(1: 0 :9) "¢ : %) = E(P: limepp(1:w:9) 71 0) 0)
Therefore, since

E%P:¢:v:ma)=8,">(ma)EXP:¢:v:ma)
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for m € M and a = a(m) suitably chosen but independent of », we may conclude,
on account of the A-finiteness of Ep, that lim, o EJ(P : ¢ : ») =0, too. This
implies easily, and we omit the explicit justification, that lim,_, JEXP :¢:v)=0,
whence the lemma.

LEMMA 3.4. There exists a neighborhood U of zero in V-1 a*(s) such that, for all
v € U, C(v) is positive definite.

PrROOF. Since C(») is an analytic function near » = 0, its eigenvalues vary
continuously. Since C(0) = YO and since C(r) is hermitian for all »
€ V-1 a*(s), it is enough to show that there exists a neighborhood U, of » = 0 in
ag such that C(») is bijective for all » € U,. Since the eigenvalues of C(») are real
for all » € V-1 a*(s), if C(») is bijective for all » € U,, then the eigenvalues of
C(») are positive forally € U = U, N V=1 a*(s).

Because of the functional equation

(s :wiv)=cp(s,wis_ - sp) o cpp(s i wiw),

it is enough to show that C(») is bijective in a neighborhood of zero when r = 1.
Indeed, by the same reasoning as in the proof of Lemma 3.3, it is even enough to
consider the case in which (P, A) is a maximal p-pair.

Assume, then, that (P, A) is maximal and that W(w) = {1, s}. Since the weak
constant term is analytic in a neighborhood U, of 0 in a& the c-functions
cpp(l : @ 1 v) and cpp(s @ @ : ) and the adjoints cpp(l : w : #)* and
cpip(s : w : ¥)* are analytic functions for all » € U, such that p(w : ») # 0. We
choose U,, as we may, such that u(w : ») is also analytic on U,. Since c?.' p(s:w:p)
is holomorphic and unitary when p(w:») =0, it is enough to check that
cpip(l 1 @ 1 ») and cpp(s : w : ») are bijective at points » € U, where p(w : ») # 0.
However, since

Tgrpsy = M 1 ¥)cpp(s t @ v)cppp(s 1 w 2 ¥)*

for all » € ag, it is clear that both cpp(s : @ : ») and cpp(s : w : #)* are bijective at
any point » € a& where both are analytic and u(w : ») is defined. This proves that
c,‘3| (s : w : »)is bijective for all » € U, and completes the proof of the lemma.

The following theorem gives a sufficient condition for the existence of comple-
mentary series.

THEOREM 3.5. Let U be a neighborhood of zero in V-1 a*(s) such that, for all
v € U, C(») is positive definite. Then I(P, 0,) is unitary for all v € U.

Proor. It suffices to show that the representation space $(P)” of I(P, o,)” has a
positive definite hermitian form defined on it which is invariant under the opera-
tors I(P, 0,)(g) forallg € Gandv € U.
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We shall show first that C(») induces a right I(P, o,)-invariant hermitian form on
J(P|P). We set

H()(T, S) = (CO)r, ¥s)
= [ (COW ey : m s Qs m : ky) dkydlydm®
M/A YKxK

=[ [ x(m(COWk, : m iz ks(ky = m: ko)x_(m) dkydkdm®
M/A YKXK

= (XvC(V)‘PT’ x—rd/s)

for any T, S € J(P|P) and » € U. It follows from Lemma 2.1 and the factoriza-
tion

chgw(s twiv)y = X—ycmp(s RS ) S xrcPlP(l ‘W ")_IX-p “ XV
for any » € V-1 a*(s) and y € @(w, 7p 5) that
X—, C()x_,(a"+yx,) = a’sx_,C(»)¥
for any a € C(G), ¥ € @(w, 7p5) and » € V-1 a*(s). Thus,
(X—rC(V)X—y(aP*Xa‘I’T)’ Xv‘l’s) = (aP*x—-yC(v)\PT’ XDII/S)
= (-, CWr, (@) sx,¥s)-

Since a’sx, Yy = XWr1(P0xa) aDD (@) ax¥s = Ysipoxa-) (77 denotes complex
conjugate),

H(v)(TI(P, 0,)(«'), S) = H(»)(T, SI(P, 0,)(a"))

forall T, S € J(P|P)and a. € C2(G).

In particular, choosing an open compact subgroup K of G such that both T and
S are K-invariant and writing e, for the characteristic function of the double coset
K, gK, multiplied by one over its Haar measure, we obtain

H(»)(TI(P, 0,)(g7"), §) = HO)TI(P, 0,)(e5), S)

= H(»)(T, SI(P, 0,)(ay))

= H(»)(T, SI(P, 0,)(g))
forany g € G. Thus, we have shown that H(») is a positive definite hermitian form
on J(P|P) which is invariant under the operators I(P, 6,)(g) (g € G) acting on

the right.
Now fix a nonzero element 4, € $(P). Set

(A, h2~)v,h° = H(»)(hy ® h\", hy ® hy)

for all h;, h; €Q(P)". Since H(v) is hermitian and positive definite on
D(P) ® H(PY, (, ), ., 1s hermitian and positive definite on $(P)". Since

(ho ® K)(I(P, 0,)(g~")h) = (K, (P, 0,)( g™ Yh)ho
= (I(P, 0,y ()K", hyho
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forallh € §(P), €H(P) and g € G,
(I(P, 0,)( ghy, I(P, a,)( g)h2~)v,h° = (h/, hy »,ho

for all A}, ,EH(P) and g € G. Thus, I(P, 6,)" is unitary and, therefore, so is
I(P, o).
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